Abstract-A concept of input-to-state stability for time-varying control systems is introduced that constitutes extension of the well-known notion concerning the autonomous case. We use this concept to derive sufficient conditions for global stabilization of triangular systems by means of a time-varying smooth feedback and to achieve asymptotic tracking of unbounded signals.
I. INTRODUCTION
Our goal is to provide a concept of input-to-state stability for time-varying control systems _x = f (t; x; u); (x; u) 2 R n 2 R; t 0 (1.1) and give sufficient conditions for global stabilization for a class of triangular systems by means of time-varying feedback u = '(t; x).
The key concepts of our analysis are the notions of completeness, attractiveness, and asymptotic stability concerning the general case (1.1) under the restriction that each admissible input u satisfies (x(t); u(t)) 2 Lt, where Lt is a time-varying subset of the space R n 2 R and x(t) denotes the trajectory of (1.1) that corresponds to u. These notions are extensions of those given in [1] - [7] for the autonomous case, and in Theorem 2.4 of the present paper are used to derive sufficient conditions for global stabilization for systems _x = f (t; x) + y 1 b(t) _ y i = y i+1 + g i (t; x; y 1 ; 1 1 1 ; y i ); 1 i m u := ym+1; (x; y1; 1 1 1 ; ym) 2 with u as input, where only the y i components of the whole state (x; y 1 ; 1 1 1 ; y m ) are available. Theorem 2.4 can be extended for systems with unknown time-varying parameters, and is applied to achieve asymptotic tracking of a given unbounded trajectory. Particularly, in Section III, it is shown that, even for autonomous systems, the problem of asymptotic tracking of unbounded signals is reduced to feedback stabilization of a time-varying system under the assumptions of the main Theorem 2. The authors are with the Department of Mathematics, National Technical University, 15780 Athens, Greece (e-mail: jtsin@math.ntua.gr).
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m and constants a i 0 with a 1 6 = 0. 
II. MAIN RESULTS
A. Input-to-State Stability Properties
Consider the system (1.1), whose dynamics f : R + 
The statement is a direct consequence of the previous inequality.
Remark: It should be noticed that the conditions of Proposition 2.2 do not, in general, imply L t -uniform asymptotic stability.
B. Partial Static Feedback Stabilization
In this section, we derive sufficient conditions for global stabilization for triangular time-varying systems. The corresponding results extend those in [1] and [6] . Particularly, the methodology generalizes the design scheme proposed in [6] and [7] , although, for the timevarying case, a more technical analysis is required. The following is the key technical result of our backstepping design. 
for every t 0 and (x; y) 2 R n 2 R. A3) There exists a function 2 5 such that 0 2 R n is Lt-GAS for the subsystem (2.4a) with y as input, where L t := f(x; y): jy 0 '(t; x)j (jxj)g:
Then there exist a C 1 map 4: R + 2 R ! R and a linear function 0: R + ! R + such that, if we define 8(t; x; y) := 4(t; y 0 '(t; x)) (1 + t )(r 1 (4jxj) + r 1 (4j'(t; x)j) + r 1 (4jy 0 '(t; x)j)) (1 + t )(r 1 (4jxj) + r 1 (4(1 + t )r o (jxj)) + r1(4jy 0 '(t; x)j)) (1 + t )(r 2 (jxj) + r 3 (jy 0 '(t; x)j)); 8 t 0; (x; y) 2 R n+1 (2.10) for a certain integer 1 and functions r 2 ; r 3 2 5. Moreover, from (2.6b), we obtain j(x; y)j jxj + j'(t; x)j + jy 0 '(t; x)j jxj + (1 + t )ro(jxj) + jy 0 '(t; x)j We establish that, for appropriate choice of the constant E, the origin isLt-GAS for the system (2.4) withLt; 8, and 0, as defined in (2.7)-(2.9) and (2.16). Particularly, we show that (2.1) and (2.2) hold for the trajectories of (2.4), with u satisfying (2.9). For simplicity, we deal only with the case N = 0. The general case follows similarly, and is left to the reader. The proof is divided into two parts.
Part In order to establish this property, we take into account (2.24)-(2.26), from which we get j!(t; to; !o; u)jR(1 + t ) 01 for every t t o > 0; ! o 2 A t and u such that (2.28) holds.
The desired property is then a direct implication of the previous inequality.
Part II-Global Part:
We establish that the origin 0 2 R n+1 for the system (2.4) isL t -GAS, whereL t is defined by (2.9) or, equivalently, 0 2 R n+1 is L-GAS for (2.21) with L as defined in (2.28). Let Mt := f(x; y): jy 0 '(t; x)j (jxj)g:
Property 2: The set Mt is positively invariant, namely, !(t) 2 Mt for all t to with !o 2 Mt , provided that the corresponding input u satisfies (2.28).
To establish this property, it suffices to show that _ y(t) = 8(t; x(t); y(t)) + u(t) + g(t; x(t); y(t)) @' @x (f(t; x(t)) + y(t)b(t)) + 
(jx(t)j) '(t; x(t)) 0 y(t) < (jx(t)j)
but this is a direct consequence of (2.15a) and the definition of 8. Indeed, by (2.15b) and evaluating the time derivative of (1=2)(y0 '(t; x)) 2 along the trajectories of (2.21), we obtain holds and !(t) = 2 Mt for to t < T 00 , but lim t!T j!(t)j = 1. Assume, first, that lim t!T jx(t)j < 1. Then (2.6b) and (2.34) imply that lim t!T jy(t)j lim t!T jy(t) 0 '(t; x(t))j + lim t!T ro(jx(t)j)(1 + t ) < 1; hence, lim t!T j!(t)j < 1, a contradiction. The other case is lim t!T jx(t)j = 1. The lefthand inequality in (2.33), (2.34), and the fact that 2 K 1 imply 1 = (1=2)(lim t!T jx(t)j) lim t!T jy(t) 0 '(t; x(t))j < 1, a contradiction. Hence, !(t) is defined for every t o t T 0 , and since, by Property 1, !(t) 2 M t [ B t for t T 0 , is defined for every t to. This, in particular, means that (2.21) is L complete. To complete the proof, we also need to establish the following property, which is a consequence of Property 4. 
We are now in a position to establish that 0 2 R n+1 is an By extending the analysis of the previous example, we can easily establish by the induction procedure the following result concerning triangular systems: 
III. ASYMPTOTIC TRACKING
We briefly discuss the applicability of the methodology developed in the previous section to asymptotic tracking. For reasons of simplicity, let us consider the autonomous case: _ x = Ax + y1b _ y 1 = y 2 + g 1 (x; y 1 ) _ y2 = y3 + g2(x; y1; y2) _ y 3 = u; x 2 R n ; y i 2 R; i = 1; 2; 3
and assume that A and b are time invariant, A is Hurwitz, g 1 and g 2 are C 2 vanishing at zero, and the following holds globally:
jDgi(x; y1; 1 11; yi)j ri(j(x; y1; 1 11; yi)j) Our goal is to find a feedback law, being independent of x, in such a way that the y1 component of the resulting closed-loop system satisfies jy 1 (t) 0 (t)j ! 0 as t ! +1 where F 1 (t; a; w 1 ) :=g 1 (a + ; w 1 + (t)) 0 (1) (t) F2(t; a; w1; w2) :=g2(a + ; w1 + (t); w2):
Notice that (3.5a) has the triangular structure of (1.2), but its dynamics do not, in general, vanish for w = 0 and t 0. As in the case of bounded signals (see, for instance, [2] ), we transform (3.5) into a system of the form (1.2) whose dynamics vanish at zero, so the problem is reduced to partial feedback stabilization of a system with a triangular structure. In our case, the resulting system will be timevarying and satisfies the hypothesis of Theorem 2.4. We apply the transformation z1 := w1 z 2 := w 2 + F 1 (t; 0; 0) z3 := w3 + F2(t; 0; 0; 0F1(t; 0; 0)) + the system (3.5) becomes _ a = Aa + z 1 b _z1 = z2 + F1(t; a; z1) 0 F1(t; 0; 0) _z 2 = z 3 + F 2 (t; a; z 1 ; z 2 0 F 1 (t; 0; 0)) 0 F2(t; 0; 0; 0F1(t; 0; 0)) _z 3 = u:
(3.8)
Since both and belong to S, it follows that there exist functions r1; r2 2 5, and an integer m such that jF1(t; a; z1) 0 F1(t; 0; 0)j (1 + t m )r1(j(a; z1)j) jF2(t; a; z1; z2 0 F1(t; 0; 0)) 0 F2(t; 0; 0F1(t; 0; 0); 0)j (1 + t m )r2(j(a; z1; z2)j)
for every a; z 1 ; z 2 ; , and t 0. The previous inequalities and our assumption that the matrix A is Hurwitz assert that all hypotheses of Theorem 2.4 are fulfilled for (3.8); thus, there exists a time-varying C 1 feedback u = ' 2 (t; z 1 ; z 2 ) which globally asymptotically stabilizes (3.8) at the origin. This, by virtue of the first equations in (3.4) and (3.6), implies that, for the original system (3.1) with u = 1(t) + '2(t; y1 + (t); y2 + F1(t; 0; 0)), the desired property (3.3) holds.
